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| ntr oduction

The February, 2006,U.S. Department of Education study, The Toolbox Revisited, tells us
that 80% of the 1992 U.S. high school graduaing class went on to college  Only about
hdf of thoe students graduaed with a bachdor@ degree. The others droppel out
Inadequae preparation for college mathematics was a magjor contributor to the drop out
rate. The founddion for K-12 mathematics is laid in the early years of elementary
school. To succeed in college this founddion must be solid.

A guiding prindple of No Child Left Behind is equd oppotunity for all children. Every
child should learn the fundamental building blocks of mathematics. No child should be
denied the preparation for high school and college mathematics tha opens up the
growing number of career oppotunities tha require mathematics.

Organization

We first describe some of the basic skills and knowledgetha a solid elementary school
mathematics founddion requires. We do this first briefly and then, in indented
paragraphs we elaborate. We follow owr main points with a general discussion, some
find comments and some suggested research topics.

Overview

Provided bdow is a minimal list of core concepts that mugs be mastered. They are the
building blocks for all highe mathematics. This is not a curriculum or set of standards
and it is certainly not all tha students should learn in elementary school. It is aso not
jug alist of skills to acquire. Althoughskills are essential in the list, undestanding the
conoepts is also essential.  This is an attempt to set priorities for emphasis in an
unambiguousfashion.



The amount of high school and college level mathematics that today@ workers
require varies dramatically, but more and more careers are dependent on some
collegelevel mathematics. Early elementary school mathematics is the same for all
students because these students should have all career optionsopen to them. The
system mug notfail to offer oppatunity to all ssudents. Basics are for everyone

It is perhgps very difficult for many fourth grade teachers to see the connection
between wha they need to teach and why it is necessary for the future engineer,
dodor or architect. Thos who regularly teach college mathematics to these
students undestand well what is needed from ther students coming into college if
they hopeto fulfill the necessary mathematics requirements. A strong elementary
school mathematics founddion cannot be overemphasized. In light of this, the
work of our elementary school teachersis extraordinarily important.

There are five basic building blocks of elementary mathematics. Keep in mind,
throughout that mathematics is precise. There are no ambiguousstatements or hidden
assumptions Definitions mug be precise and are essential. Logical reasoning holds
everything togeher and problem solving is wha mathematics alows us to do. These
essential building blocks are not jug the foundition tha algebra rests on, but, done
propely, prepare the student for algebra and the mathematics beyond algebra.

Precision, lack of ambiguity and hidden assumptions and mathematical reasoning
are the fundanental defining princples of mathematics and it is difficult to
adequaely emphasize ther importance. If a problem is not well defined with a
unique set of solutions it is not a mathematics problem. There can be no hidden
assumptionsin areal mathematics problem. Terms, opeations and symbols must
be defined precisely. Otherwise ambiguity creeps in and we are no longe dealing
with mathematics.

Althoughit is easy enoughto say tha mathematicsislogicd, it is more difficult to
describe mathematical reasoning. Mathematical reasoning is what builds the
structure of mathematics. So, in order to undestand a mathematical concept, a
student mug absorb the mathematical reasoning that develops tha concept.
Dividing fractions (invert and multiply) is an important skill in mathematics but it
is mathematical reasoning tha explains why invert and multiply is the correct way
to divide fractions It is important tha mathematical reasoning of this sort be
taught and tha new skills be undestood through mathematical reasoning. This
undestanding is important and assumed throughaut this discussion. Skills without
undestanding have little value likewise for undestanding with no skill. Each is
essential.

Ultimately, solving problems is what mathematics is all about The content of
mathematicsis al designed and built to solve specific types of problems. Our basic
mathematics is fundamental to this enterprise because amog al other mathematics
isbuilt onit. Each new piece of mathematics allows a student to solve a new kind
of problem. To be sure, at the elementary school level, some of these problems



could be solved without the new mathematics being introducd, but that
mathematics becomes more and more necessary as problems g more and more
sophisticated. It is best to practice new mathematics on the easy problems first. It
sometimes appears tha learning the new mathematics in order to solve aproblem is
hade than jug solving the problem directly, but once the newly learned
mathematics feels naural it usudly becomes clear tha it solves the problems much
more efficiently, and, importantly, can be used later to solve even harder problems
tha cannotbe solved withoutthe new techniques.

Thefive building blocks

¢Numbers. Numbes are the founddion of mathematics and students mug learn
couning and acquire ingant recall of the single digit numbe facts for addition and
multiplication (and the related facts for subtraction and division). Ingant recall alows
the student to concentrate on new concaepts and problem solving. It is of fundanental
importance in later mathematics.

This heading covers a lot of material in the earliest grades. Students mug acquire
some nunber sense.  Firgt, of course, they mug learn the numbe's, both to speak
them and to write them. This comes alongwith couning and a working familiarity
with and undestanding of commutativity, assodativity, and distributivity.
Students will learn how to add (and then multiply) single digit numbers before they
learn ingant recall of these facts. They mug have an undestanding of addition,
subtraction, multiplication and division tha undelies the ability to ingantly recall
these elementary nunber facts. Mathematics is built level by level. Multi-digit
addition and multiplication are built up from single digit operationsusng the place
value system and the basic propeaties of numbes such as distributivity. The
genegd opeaationsreduce to the single digit number facts. Whaever ther level of
undestanding, students without ingant recall of these founddiond single digit
nunmber facts are severely handicapped as they attempt to pursue the next levels of
mathematics. In later courses, the student who has to quickly do the single digit
computations even if in ther head, rather than jug recall the answers, will find
they are unable to focus completely on learning and undestanding the new
mathematicsin thar course.

#Place value system: The place value system is a highly sophisticated method for
writing whole numbers efficiently. It isthe organizing and unifying principle for our five
essential building blocks.  Although its importance is often overlooked, it is the
founddion of our numbering system, and, as such, deserves much more attention than it
usudly ges. It is much more than jug hundeds tensand ones. Arithmetic and algebra
are the foundaion for college level mathematics. A solid undestanding of the place
value system, and how it is used, is the founddion for both arithmetic and algebra
Arithmetic algorithms can only be undestood in the context of the place value system.
Since undestanding is crudal, it beginswith the place value system. Elementary school
mathematics mug prepare students for algebra. Working with polynomialsin algebrais



jug adight generaization of the place value system. The place value system is essential
algebra preparation.

The place value system is the founddion of our nunmbering system. The efficiency
of thearithmetic algorithms are based onit. A real undestanding of the basic four
algorithms rests on a firm grasp of the place vaue system. Multiplication, for
example, is little more than the combinaion of the place value system,
distributivity, and single digit math facts for multiplication. This combination is
the mathematical reasoning tha makes the multiplication algorithm work.

The algebra of polynomialsis jug a generaization of the place value system. The
place value system is based on 1, 10, 10 squared, 10 cubed, etc., and polynomials
are based on 1, X, X squaed, x cubed, etc. A solid undestanding of the place value
system naturally prepares students for the algebra of polynomials.

Without an undestanding of the place value system and how it can be used there
can be no real understanding of the rest of elementary school mathematics and all
of the highe mathematics tha rests on this. The place value system is learned in
the early grades precisely because everything else depends on it so it mug be
taughtfirst. Jug because it is taughtin the early grades does not mean tha it is
either simple or unimportant. On the contrary, it is a degp conoept and
undestanding it makes all the difference. This puts a heavy burden on theteachers
in these early grades and it isimportant tha they be aware of this.

¢Whole number operations. Addition, subtraction, multiplication and division of
whole numbers represent the basic opeaationsof mathematics. Much of mathematicsis a
genedization of these opaations and rests on an undestanding of these procedures.
They mug be learned with fluency usang standad algorithms. The standad algorithms
are among the few deep mathematical theorems that can be taughtto elementary school
students. They give students power over numbe's and, by learning them, give students
and teachers a common languaye

The case for the importance of the standad algorithms for whole nunber
opeationscannotbe overstated. They are amazingly powerful. They take the ad
hoc out of arithmetic. They give the operations structure. The theorems that are
the standard algorithms solve the age-old problem of how to do basic calculations
without having to use different strategies for different nunmbers. They completely
demystify whole number arithmetic. As an elegant, stand alone solution to an
andent problem they jugify themselves.

There is more to the standard algorithms than just a very satisfying solution to a
major problem. As students progress in ther study of mathematics they will be
confronted with more and more algorithms. They mudg start somewhere to learn
about algorithms and these are the easy basic algorithms tha prepare students for
learning more difficult, complicated algorithms later on.



In high school and college mathematics these very same algorithms get dighty
modified and geneaized and used in different settings with new mathematics.
This hgppens many times over and a mastery of the origind algorithms makes this
process an incremental one The standad algorithms put al students and teachers
on the same page when they make these trangtions

The standad algorithms are useful in other ways as well. The long division
algorithm is probably the mog important in this sense. With it, for example, it is
quite easy to see tha all rationd numbes give rise to repeating decimals (any
repeating decimal is also a rationd numbe). It, by its very nature, also teaches
estimation and begins to prepare students to undestand convegence, a basic step
towardscalculus

More opeaationsthan jud these four come into mathematics, these are jud thefirst
four. These opeaationsteach about opaations New opeationsfit into a patern
first developad with these basic four. They form a firm founddion for the
conceptud development of future mathematics for the student such as the extension
of these opeations to rationd numbes and complex nunbers as well as the
extensonto polynomals andrationd fundionsin algebra.

¢Fractions and decimals: The skills and undestanding for the four basic arithmetic
opeaationswith whole numbers mug be extended to fractionsand decimal s, and fractions
and decimals mug be seen as an extenson of whole nunbers. Students mugt become
proficient with these opeationsfor fractionsand decimalsif they are to pursue additiond
mathematics. Agan, undestanding fractions is a critical ingredient for agebra
preparation. A solid grounding in fractionsis a necessary prerequisite for undestanding
ratios, which show up everywhere induding busness.

Whole numbers are jug not enough. Our numbe system mug be extendel to
indudefractions(and decimals, which arereally jug fractionstoo) in order to solve
awidevariety of problems. Fractionsare everywhere in mathematics and in day to
day life so the ability to manipulate them with fluency is essentia. They are
serioudy intertwined with algebra as well. First, you need them to solve smple
equdionslike 2x=1, and, second, in algebra, students mug learn how to manipulate
fractions involving polynomials, i.e. rationd fundions This is, agan, an
incremental trangtionif students can operate with numerical fractionswith fluency
and undestand and work with thar definitions

#Problem solving: Single step, two step, and multi-step problems (i.e. problems that
require this many steps to solve), especially word or story problems, should be taught
throughouta student@@ mathematical education. Each new conaept and skill learned can,
and should be, incorporated into a series of problems of more and more complexity. The
trandation of words into mathematics and the skill of solving multi-step problems are
crudal, elementary, forms of critica thinking. Developing critical thinking is an
essential god of mathematics education.



Mathematicsis an activity. It isnotenoughto bdieve you undestand somethingin
mathematics. You mug be able to do something with it. For example,
multiplication is not understood if you cannotdo it. Problem solving is what you
do with mathematics. Problem solving at the elementary school level is a well-
undestood process tha can be taught Going from one step to two step to multi-
step problems gradudly increases thelevel of critical thinking.

By solving problems usng new mathematics skills a student can confirm thar
undestanding of this mathematics by doing. New skills allow students to solve
problems tha old skills did not suffice for. This reinforces the value of the new
skills.

The difficult process of extracting a mathematics problem from a word probem
requires a high level of critical thinking. However, such problems can start with
great smplicity and gradudly work up to immense complexity. Mathematical
problem solvingis agreat place to honelogical critical thinking skills.

In nomal daly life people are congantly beng called uponto solve very complex
problems tha are usudly not very well posd. The logica thinking and
mathematical reasoning used to solve multi-step mathematics problems develops
thecritical thinking necessary to face life(3 more complex situaions

Discussion:

Students mug learn the precise use of theterms, opeations and symbols of mathematics.
The ability to be precise is oneof the great strengths (and requirements) of mathematics
and the prope use of thelanguaye of mathematicsis essential in thislearning process.

Mathematics is precise. The meaningsof terms, opaations and symbols must be
completely unambiguousor communication is log and mathematics dips away.
Students who are unsure of what they are talking about cannot hope to solve
problems with such ambiguous undepinnings For students and teaches to
communicate about mathematics they must al have precise meanings for symbols
andtermsin common. Thisis easy to overlook, and often overlooked, in situaions
where the content seems elementary, but this is exactly when that precision should
start.

In order for terms and symbols to be precise they mug all have definitions As
much as arithmetic and algebra begin the content basis of mathematics, the
fundamental prindples of mathematics revolve aroundexplicit definitionsof terms
and symbols. There are two distinct aspects to the precision of mathematics.
Precision is necessary in the doing of mathematics and in the communication of
mathematics.



Abdractionis pat of the undelying power of mathematics and it should be taughtfrom
the earliest grades. For example, physica manipulatives are teaching aids tha can help
lead students to undestandings in mathematics. They are not, in and of themselves,
mathematics, but are teaching tools to hd p get to the heart of mathematics.

One of the mog important attributes of mathematics, and onetha gives it much of
its power, isits abstract nature. One piece of problem solvingisthe skill of turning
complex word or story problems into conaete mathematics, in other words to
abdract the mathematics from the problem. This allows the core mathematicsto be
undestood sepaately from the application, i.e. in the abdract. The benefits are
manifold. The same piece of abgract mathematics can be used over and over agan
to solve amyriad of seemingly very different probdems. Thus an undestanding of
the abdract mathematics, togeher with the critical thinking skills necessary to
extract a mathematics problem from a word problem, alows a student to solve
many problems with asmall skill set. Withoutthis abgraction each new problem is
exactly tha: anew problem requiring special mathematics jud for it. For example,
it is genegadly possible to figure out how to multiply any two given nunbers even
without the standard algorithm, but the problem is different for every two given
nunbers. By abdracting the process to the standard algorithm for multiplication
we solve the problem of multiplication for all cases onae andfor all.

Anothe example is college calculus Thedepartments, such as physcs, econorics
and the variousengineering departments, that require calculusfor ther majors have
different applicationsin mind. The standard way to teach calculusfor such diverse
student needsiis to abstract the material and teach the core prindples tha apply to
al situdions

The place value system, fractions and the standad algorithms all contribute greatly to
algebra readiness. In addition, students can learn to use variables and solve pre-algebra
problems. They mug also learn aboutgraphsand graphing as functions

Elementary school mathematics leads up to algebra and, as such, it should prepare
students for algebra.  The content of our five building blocks is al necessary
prerequisite for algebra, but, more than tha, it prepaes students for algebra
because there is a naura incremental trangtion from arithmetic to algebra. As
already mentionad, the place value system and skill (and undestanding) with
manipulating the algorithms and fractionsis invaduable preparation. More can be
done Using abdract variables whenever possble and usng commutativity,
assodativity, and distributivity with thevariablesis great preparation.

Reading and drawing graphs are an important component of elementary school
mathematics. Using grade appropriate, but precise, definitions for fundions
students should learn to think of fundionsas rules, not jus the formulas tha give
the rules. This can prepare a student for algebra by avoiding confuson when



fundions are more carefully defined in algebra. It can aso get students used to
working with formulas and equaions

Textbookscan be a tremendoushelp to students. With a textbook, students have the
oppotunity to relearn and rethink wha they have seen in class. Parents can aso have the
oppotunity to use textsto hdp a student at home.

Textbooks allow students to look up concepts they are undear on, learn from
reading (a skill frequently not attained by many college students) and rereading (for
mog, an essentia ingredient while learning mathematics). The oppotunity for self
paced repetition comes with atext. Likewise, parents, friends older students, and
tutors can all hdp with the education process if the content is made explicit in a
textbook. Not having a goodtext available is an unnecessary and severe handicap
placed on students.

Some students will not acquire all of the skills and undestanding necessary to begin a
forma study of algebra when the time comes. If they do not succeed at learning a
fundamental third grade concept in the third grade they will struggle, and often fail, to
learn more advanced conaepts necessary in later grades. Such students are often
completely unprepared for algebra. These students need not be log to the subject. They
are older and more mature and should be given the chance to fill in thar knowledgegaps
throughsome review or remediation process.

For students to proceed on to algebra without the necessary background
mathematics is probably pointless. [If they are given appropriate attention in the
class, the prepared students will suffer. If not, the unprepared students will suffer.
Intervention and remediation are the appropriate respongs. Given the oppotunity
to take the time to memorize the single digit number facts, nal down the place
value system, learn to add, subtract, multiply and divide such students have the
potential to goonto learn algebra.

Certainly in high school there are two kinds of students, those who are till in the
pipdinefor a college mathematics course and those who are not. Pipdine (college
preparation) algebra should not try to accommodae students without the
prerequisites. A placement test is probebly appropriate for pipdine agebra to be
sure students meet these prerequisites. This is very much for their good. If they
are alowed to take algebra and then go to college without the necessary arithmetic
background, they will take a placement test in college and find themselves in
remedial mathematics. (The magjority of students who take a placement test in
college fail it.) When such students find they are missing thar mathematical
founddion they tend not to be hgppy. They also seldom recover mathematically
well enoughto proceed with a college level mathematics course.  Students who
cannot place into pipdine algebra should have the option of proceeding with non
pipdine high school mathematics courses or getting the remediation that allows
them to proceed with algebra. Every oppotunity should be madeto alow students



to rgoin the pipdine Thevast mgjority of high school graduaes go on to college
and the best new jobsrequire some mathematics.

Final Comments.

Mathematics is not a collection of unrelated topics. Mathematics is hierarchical. All of
the topics discussed fit into an interconnested dependency patern. These dependendies
form astructure: the structure of mathematics. This structure isreally part of the content
of mathematics and was built by mathematical reasoning and it takes mathematical
reasoning to make sense of the structure. Thevery structure of mathematics dictates that
certain topics mug be taught before others, and, in mog cases, mus be mastered before
any undestanding of the next topic can even be hoped for.

The core content for students who are in the pipeline for college mathematics is not in
doubt College mathematics teachers who teach students who need these courses know
wha is necessary. The key here is tha ALL students in elementary school mug be
condgdered to be in the pipdine Some college (or a college degree) has become a
prerequisite for many of the new jobs beng created in the United States. This core
content for elementary school is actudly quite small. For example, the top peforming
county internaiondly is Singgore. Thdar sixth grade textbook has a total of less than
40 pages of ingruction and examples. Therest is problems. Core elementary school
mathematics content is straightforward and focused. The catch is tha it mug belearned
well to progress.

Research base

In thereading debae questionswere asked like: Isit better to teach reading with phonics
or withoutphonics? Research could answer tha question. On the surface, it lookslike a
similar question for mathematicsis. Isit better to teach mathematics with the place value
system or withoutthe place value system? However, this question makes no sense. The
place value system is mathematics! Y ou cannot teach mathematics without the place
value system, standad algorithms and our other building blocks.

The appropriate research questions are: How is the place value system best taught?
Wha conditutes an adequae understanding of the place value system? What istheleast
panful way to acquire ingant recall of the single digit nunmber facts without
compromising understanding? Wha is the mog effective way to teach thelongdivision
algorithm? Fractionsare notorioudy difficult for ssudents. What approach, or collection
of approaches, to fractionsis mog likely to succeed with amog al students?

New conaepts in mathematics are presented to students each year of K-12 mathematics
education. How to best teach these conoepts should be thoroughly researched. Agan,
this differs significantly from reading where getting started is wha matters mod.



Podscript: Do wewant domestically educated engineers?

A very high percentage of the U.S. professiond science, technology, engineering, and
mathematics personnd are foreign bom and were given ther K-12 mathematics
educationin their home county. If we want homegrown engineers, certain thingshave to
take place in our K-12 mathematics education system.

If students arrive at college with large ggpsin thar science education they can survive,
collegewill essentially start from scratch with science, however undesirable that may be.
This is not the case with mathematics. The conaepts and skills developeal in every year
of K-12 mathematics education are essential to success in college mathematics,
mathematics tha engineering students mug all take. Manipulative skills with numbers
and rationd fundionshave been disparaged recently in education circles. However, the
engineering student will face oneclass after another, year after year, where the professor
comes in and writes equaions on a blackboad for 50 minutes straight Those
manipulative skills must be second naure in order to survive an engineering course of
ingruction.

Those necessary skills and conaepts for the engineering student begin with the foundaion
discussed in this pgper in early elementary schod. There is a tendency to suggest tha
mog students do not need al of these skills because most students will not become
engineers. Even if this were true, and many bdieve that al students actudly need these
skills and conoepts even if they are not going to be engineers, we would be in a serious
guanday. Would this mean that we should not teach them to all students? Students who
don®ge these skills and concepts will definitely not become engineers. So, if we want
some students to be able to be engineers we have to teach these skills and conoepts to
these students. |Is there any way to decide who in the fourth grade should be given the
mathematics that would allow them to grow up to have the option of becoming an
engineer? Any attempt to separate elementary school children into two groups one
group tha will never have the option of becoming an engineer and another group tha
will be given tha option, would seem grossly unfair. All elementary school children
should have the option of choosng to try to be an engineer, so all children mug be given
the necessary mathematics in elementary school.
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